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Abstract

The boundary-type integral formulations of domain variables are presented explicitly for
three-dimensional initial strain problems. The domain variables were first represented by
complete series of polynomial expansions, then the related domain integrals are
transformed into the boundary ones with the aid of the intrinsic correlation among the
integral kernels as well as the higher order fundamental solutions. The applicability of the
formulation is discussed briefly.

INTRODUCTION

The boundary element method has pronounced merits characterized by dividing elements
only at the boundaries and with high precision of solutions, which reduces data
preparation and saves computing time*. The internal cells in the domain, however, are
usually indispensable if the problem under consideration is inhomogeneous or nonlinear.
There have been many attempts and developments in order to overcome this limitations in
recent years, such as the dual reciprocity method? the multiple reciprocity method® and
the computing point method™®. One of the key points in the multiple reciprocity method is
the transformation of domain integrals into boundary-type via higher order fundamental
solutions?. In the computing point method, the inhomogeneous term in the nonlinear
Poisson equation was represented by polynomia expansions and then the domain integrals
were transformed into the boundary-type therefore the problem can be solved without
domain discretizations™. All of these works show the effectiveness of the transformation
in getting rid of the domain discretization.

In a general sense, the initia strain problems include problems such as the
thermo-elasticity, the residual stress problem®, the creep problem and the elasto-plasticity
in initial strain algorithm. Some of them belong to the material nonlinearity. The
applicability of the procedure liesin how well the domain variables, the initia strains, can
be described by polynomial approximation in terms of the space coordinates and how the
transformation can be realized from domain-type into boundary one.

In the previous work, the domain variables were assumed to be represented by
polynomials and the transformation from domain into boundary-type integrals was
realized via the intrinsic correlation among the integral kernels for two-dimensional
problem’. The present work extended the transformation to three-dimensional case, which
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will be realized, similarly, with the aid of both the intrinsic correlation among the integral
kernels and the higher order fundamental solutions. The formulations are given explicitly
and discussed briefly.

BASIC EQUATIONS

The initial strain problems can be described by two boundary integral equations, the

displacement equation and the stress equation for a domain Q with boundary I as
follows":

%u (p) =Irj (Qu*; (p,a)dr (q) —J’uj (@)t *, (p.g)dr (a) +!€jk(q)0 *4 (P,0)A (q) 1)

o,(p) = I T (a)u*;, (p, q)dr(a) -Juk(q)r*nk (p, g)dr (q) + ISM (@)0 *4 (P, Q)AR(0)

Q=Q¢
+£,(P)O (P) %)
where
p —source point
q—field point

Q, —tiny zonecentered at p

u; —displacement

7, —traction at the boundary

0, —slress

g, —initia strain or initia strain increment

u*, —fundamental solution of elagticity

T*,,0 %, U*,, T*,,0 %, 0, —derived fundamental solutions

In the above two equations there are domain integrals of the initial strains generated
owing to material nonlinearity. If the initial strain ¢; is replaced by the term a6, the

two equations can be used for thermo-elasticity, where a is the thermal expansion
coefficient of the material and 6 is the temperature. The effects of the domain variables
on the displacement and the stress equations have conventionally to be evaluated by
numerical calculations over divided internal cells in the domain. Suppose the initial strain
can be described by polynomial approximation in terms of the spatial coordinates as
follows:

m+n+ =N

£ (q) = Z Cm (@)% (9)x3(a) ©)

,1=0

where N is the highest order and C™ the coefficients to be determined of the
polynomials. Insert the above expression into the displacement and the stress equations,
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respectively, and replace the spatial coordinates by the two-point variables between the
source and the field points:

X = X (@ - xk( p) (4)

then any term of the polynomial expansions for the domain integrals in the displacement
and the stress equations can be expressed as

min!l!

C“'{&(q)xz(q)xs(q)a*”k(p ,q)dQ(q) = C?“'ZZZ T P T (e T
RO REOREGCE Ixfxzx;a*i,-k(p,q)da(q) (5)

cy g[xlr”(q)XQ(q)X;(q)a*uk. (P, )dQ() + X"(P)X; (P)X5( P)Oyq ( D)E:

mnl min!l! . . 5
= EZZ-Z m- slsl _t,t,(l_u)!u![&(p)] s[Xz(pﬂ [x3(p] x

XJ:XfXEXQ‘U*uk (P, q)dQ(a) +x;'( p)XS(p)XQ(p)Oijk.(p)g (6)

respectively, where m, n, I, s, t and u areall integers. The transformation in the above

two equationsis linear and performed with a short subroutine. The domain integralsin the
right hand side of equations (5) and (6) can then be transformed into the boundary
integrals via the correlation between the kernels’, the Cauchy’s integral relation and the
equilibrium equation shown as follows:

0¥ (P, AN (@) =7%; (p, q) (7
a*ijk,k (p, )+ 5”- ap, q) =0 (8)

where n,(q) isthe outward normal. The derived fundamental solution o*, (p, q) isthe

stress at q when there is a unit force acting at point p in i direction. And
T*,(p, q) representsthe corresponding traction at the same point.

FOFMULATIONSFOR DISPLACEMENT EQUATION

The derived fundamental solutions o*, (p, q) in the domain integral of the

displacement equation is presented here explicitly in the three-dimensional form for
clarity:

0% (s C1)=8n(1—1_V)r{(l—ZV)(éjkryi —3 1, ,jryk) 3r,rlrk} 9)
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where v isPoisson’sratioand r the distance between the source and the field points

=X X, (10)

The boundary-type formulation of the zeroth order term of the polynomialsis as follows:

{ o*, (p, 9)dQ(q) = I X T*, (p, a)dr(q) (12)

which has been derived under the state with a definite physical meaning, that is, the state
of atraction free domain with a uniformly distributed unit initial strain over the domain’.
This equation can be extended to a general form with the Cauchy’s relation (7) and the
equilibrium equation (8) as follows:

J:[mxl"“xz”%élk GG+ XX G| 0% (P, 4)dQ(a) =I><FXSX'3 ™ (p, Q)dr () (12)

Then all the boundary-type formulations, except a special one, of integral kernels of the
three-dimensional initial strain problem can be obtained explicitly:

J: XXX 000 = —— [T, A () (13)
[0 S [esraa@ (14)
[t S [essraa@ (15)
[t sa= ST [erLa@ (16)
[0 S [essraa@ (17)
[ sa= ST [raa@ (18)
[ data - S [esiraar@ (19)
[t S [eoenraa@ (20)
[ sa@= S [eeraa@ (21)
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myn * _ 1 my, N+ *
‘[x1 X3 X0 * 1, dQ(q) = —Ix1 X3 X T %, dr(q)
n+1

m ML N2k | mondol 4 g
(n+1)(m+n+| +1)IX1 X T " AT () n+l‘IX1X2 X3 0 15, dQ(0) (22

my,n * — 1 My, Ny 41l %
‘[X1X2X|30 233 dQ(Q)—m‘[)ﬁxzxé lT 23 dr(Q)
n

- My "Ly +22 % _i m-1,ny I+ - %
(T+)(m+n+i +1)_[X1 Xy X5 T* dr(q) I+11[X1 xix to* . dQ(q) (23)

myn * _ l mtl,,n *
{& XoXa0 * 51y dQ(q)——ﬂ[x1 X XsT*5, dr(q)
m+1

I m2,ny -1 % n mHl, -1 *
- ‘[X1 2X2X|3 'T 33 dr(Q)__t[)ﬁ lxz 1X|30 123dQ(q) (24)
m+1

(m+1)(m+n+1 +1)

myn * — 1 my, Ny I+l %
‘[X1 szl3J 133 dQ(Q) - m‘[)ﬁ Xz X|3 lT 13 dr(Q)

— m mLgny 42 % _ N e mgnagia g
(| +l)(m+n+| +1)‘[X1 XXy %5, dr(q) |+1JX1X2 X"0 %, dQ(a)  (25)

myn * _ 1 mly,n *
‘[x1 X3 X0 * 51, dQ(Q)——‘[& Xy XT * 5, dI ()
m+1

- n m2,n-1,1 - % _ | MmNyl 4 - %
(e Qe )| & 02 0@~ [eTo s, a2 (29)

my,n * _ 1 my, N+ *
‘[x1 X3 X0 * 5y, dQ(Q) = —‘[x1 X5 XeT * 4, d (Q)
n+1

- l my,n+2,, -1 % . m MmNyl
() (men+ +1)_[X1 X2 dr(q) _n+11[X1 xixlo* o dQ(q) (27)

All of the above formulations have a similar form to those in the two-dimensional case’,
except for a special term o*,,, of the domain integral which appears at the right hand

side in some of these formulations (Eqns.(22)-(27)). They can be transformed via the
higher order fundamental solutions of elasticity as shown below.

FORMULATION OF THE SPECIAL TERM

Let us start with the Galerkin tensor of the zeroth order for the three-dimensional
elasticity™

r

G*ij :G*i(jO) =

8mu 28)

1j

where u isthe shear modulus. It is not difficult to write out the N -th ordered Galerkin
tensor for elasticity:
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2N+1

=_ " 5 (N=zQ1 2 29

Y 4mp(2N +2)1 ( L2 m 29
which has the recurrence rel ation of

G *l(JNkL =G *i(jNil) (30)

Then the corresponding higher order fundamental solution or Kelvin's solution can be
deduced:

1
(N) — g*(N) _ (N)
u*ij _G*inkk me*ik”

2N-1
r

" 16mi1- V(N +1)(2N)!

{[42-v)(N +1) 15, ~(2N ~2yr;r )
(N=0,1 2, Iy (31)

With the constitutive relation of elasticity, the corresponding higher order derived
fundamental solution in the displacement equation can therefore be obtained:

a0 = LB +u(y +uri)
r.2N*2
" 167m(1- V)N(N +1)(2N -2)!

+[2v(N +2) -8, —2N -3rrr} (N=1,2 @) (32)

{ca-viN+1-1©;r, +a0r))

where B isamaterial constant defined by
B=2v/(1-2v) (33)

It is noticed that the equilibrium equation does no longer hold for the derived fundamental
solution in their higher order counterparts, but it has the following simple form:

2N-3
sy = T

ik, k mdl (N=1 2, [y (34)

And the outward normal directional derivative of the derived fundamental solutionis

N ree s _ _
an? ™ T 16m(i- YN(N +1(2N —2)!%2'\I 95 [2L-vI(N +2) ~J(Gr, +4.r)

+[2v(N +1) —J]éjkryi -(2N —5)rvir'jryk> -(2N =3)(r,r,n +,r,n, +Hr.n,)
H2-v)(N +1) -1(o;n +g;n)) {2uN +1) §gn} (N=12 @  (35)
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The transformation of the special term from the domain-type into the boundary one can
then be realized by the recurrence formula using Gaussian divergence theorem:

‘[X{“XSXQU*%E) dQ(a) =‘[X1”‘X2X£0*§E‘;” dQ(a)

my,n a *(N+ d my,n * (N +: my,n *(N+
:le XX -0 dr () —I%(xl XG0 dr (@) +1!’(x1 X%2) <0} ()
(N=0,1 2, 0y (36)

The explicit forms of the two high ordered kernels of the specia term are:

_ _ 2N-2
"0 = (20 = 3r o (37)
16m(1- VN(N +1)(2N -2)1 2"
io_*(N) — _(ZN —3)1’2N73

ar O
123 §2N - 5) % r‘lr‘Zr.S + r.lr.2n3 + r‘Zr‘3n1 + r.3r‘anH

an 167(1— V)N(N +1)(2N -2)!

(N =12 [} (38)

With these formulations, al of the domain integrals have been represented by the
boundary-type for the displacement equation.

Formulation of the stress equations, not shown here, are also available as the same
scheme mentioned above.

DISCUSSIONS

The applicability of the procedure in getting rid of domain discretizations by polynomial
expansions lies in how the transformation can be realized from domain-type into boundary
one and how well the domain variables, the initial strains, can be described by polynomial
approximation in terms of the field coordinates. In the present work, the field variable
x.(q) has been replaced by the two point variable x, in the integras through

transformations (5) and (6), therefore the intrinsic correlation between the kernels can be
made use of to avoid the term by term integrals except the specia term in the
three-dimensional case.

As stated above, the transformations (5) and (6) can be performed via a short
subroutine. There are other merits, for example, the term O, owing to the singularity

appears only in the zeroth order or constant term of the polynomials and will be embraced
in the boundary integral without special consideration so that the programming can be
simplified. Even for the zeroth order or constant term of the polynomials, the order of
singularity in the boundary-type integrals is reduced by one. And because these
formulations hold no matter where the source point locates, inside or outside the domain
or on the boundary, they might be used to evaluate the domain integrals with strong
singularities when domain discretization is performed.

In performing the computing point methods*®, the polynomial can be expanded to
any order conveniently using these formulations to meet the precision requirements. The
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formulations can be reduced to deal with the problem of thermo-elasticity by replacing the
initial strain ¢, withtheterm a6J; , for example, suppose

abH*; (p, q) = aeajka*ijk (p, a) (39)
abH *; (p, q) =a6d,0*, (p, d) (40)

where H* and H*, stand for the domain integral kernels in the displacement and the
stress equations, which can be derived by the combination of J,0*, and g,0*,,

respectively, for the problem of thermo-elasticity. Then the boundary-type formulations
for the zeroth order term can be obtained as follows:

IH *(p, 9)dQ(q) =I X,T*, (p, g)dr(q) (62)

lH i (p, 9)dQ(q) +9, O (p) =I X T (p, g)dr(a) (63)

For residual stress problems’, the initial strains formed by material nonlinearity can be
approximated by polynomials and expected to be solved without domain discretizations.

CONCLUSION

With the aid of the intrinsic correlation among the integral kernels as well as the higher
order fundamental solutions, the explicit form of boundary-type integral was deduced for
the three-dimensional initial strain problems aiming at boundary element analysisin which
the domain variables were represented by complete series of polynomial expansions.
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